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Compressive strength of a rigid-rod polymer fibre
embedded in an isotropic matrix

R. HENTSCHKE, M. J. KOTELYANSKII
Max-Planck-Institut fir Polymerforschung, Ackermannweg 10, 55128 Mainz, Germany

The results are presented of an approximate elastic stability analysis for an anisotropic
polymer fibre under compressive stress, which is embedded in an isotropic elastic matrix.
This case, which thus far has not been treated properly, corresponds most closely to the
experiments, which yield the best quantitative measurements of the compressive strength
of high-modulus polymer fibres. Within the limits of a weak matrix, i.e. the shear modulus of
the matrix is small compared to the shear modulus of the fibre, a simple analytical formula
has been obtained for the compressive strength of the fibre in terms of its longitudinal
Young’s modulus, and the Poisson’s ratio and shear modulus of the matrix. On the other
hand, for a strong matrix the compressive strength of the fibre is solely determined by its

shear modulus. For the intermediate regime, a simple but highly accurate interpolating

expression has been constructed.

1. Introduction

Aramid fibres based on poly(p-phenylene tereph-
thalamide) (PPTA), polybenzamide (PBA) and other
high-strength, high-modulus, rigid-rod polymer fibres,
have impressive tensile strength at low specific weight
[1]. The good tensile properties result from a high
degree of molecular alignment, which is favoured by
the rigid-rod character of the molecules. The compres-
sive strength of these materials, however, is typically
less than 25% of their corresponding tensile strength.
Thus, there is a significant interest in increasing the
compressive strength of rigid-rod polymer fibres
without, at the same time, diminishing their tensile
strength (see, for instance [1-3]). Quite a number of
experimental, theoretical and combined studies, with
the theoretical approaches both on the molecular level
[4-6] and in terms of continuum approaches [4,7]
based on elastic stability arguments [8,9], have fo-
cused on this problem [7,10-16]. Despite this, how-
ever, compressive failure in rigid-rod polymer fibres is
still not very well understood.

Experimentally, the onset of compressive failure
manifests itself in the formation of kink bands (local-
ized deformation concentrations) along the fibre.
Interestingly, most electron micrographs of fibres ex-
hibiting kink bands, suggest a quasi-periodic inter
kink band distance [4, 7, 10] rather than a completely
irregular spacing as one might expect if the kink band
formation was tied to random defects. Thus it is not
unreasonable to expect compressive failure to be in-
itiated at a certain wavelength, which can be derived
from elastic buckling theories [8,9]. The simplest of
these is the Euler buckling of slender isolated rods
[8,9] which predicts a critical compressive strength,
., proportional to A, g2, where X, is the longitu-
dinal Young’s modulus, g, ~ 1/L is the critical buck-
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ling wave vector, and L is the rod length. Even though
a sinusoidal buckling pattern may be observed in
polymer fibre composites [17], this simple model is
not really applicable to these cases. For instance, the
buckling is typically not observed with the smallest
q as this model predicts. Also, it is not clear what
L really is. If L simply is taken to be the fibre length,
then o, usually is hopelessly small. The same is obvi-
ously true if the Euler formula is applied on the
molecular level and L is taken to be the chain length.
On the other hand, one can get within a factor of two
to three of the experimental o, by identifying L with
the wavelength of the surface ripple structures in
skin-peeling experiments on Kevlar 49 and PBO fibres
[15]. But it is difficult to justify this definition of L.
Most of these problems arise because the simple Euler
buckling model applies to isolated fibres, whereas
typically a fibre is embedded in an anisotropic net-
work of other fibres or in a more or less isotropic
composite matrix. A simple theoretical model, which
is supposed to take this into account, is the “beam on
an elastic foundation” [8,9]. This model, which sim-
ply includes the elastic response of the matrix by
a term proportional to the square of the lateral fibre
displacement, yields a critical compressive strength of
the form o, = og + Cq. %, where og is the above
Euler contribution and C describes the stiffness of the
foundation (or matrix). Thus, here the critical ¢, is
finite and proportional to (C/A,,,.)*'*. Therefore, the
critical strength can assume any value governed by the
size of C, and the corresponding wavelength might be
compared with the experimental inter kink band dis-
tance at the onset of compressive failure. Notice also
that in this model L does not appear in the final
expression for o, explicitly. However, the authors are
only aware of calculations, where C is an ad hoc
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constant rather than being calculated in terms of the
elastic constants of the matrix material (even though
C sometimes is identified with the transverse modulus
of the foundation [97). Another shortcoming of this
extended model is that it cannot account for the
simple relation o, ~ G/3, where G is the longitudinal
shear modulus of the fibre, which seems to be obeyed
by a number of different anisotropic fibres [12,18].
The shear independence of above buckling models
holds only under conditions when o < G. Two simple
extensions of the Euler theory for isolated beams
taking shear corrections into account (for vanishing
Poisson’s ratio) are

4nog\!/? G
m=[0+ G) -4}5 1)

" 1 +nog/G

and

o, 2
where n is a constant, which depends on the beam
cross-section (n & 1.1 for circular cross-sections and
n = 1.2 for rectangular cross-sections) [9]. Note that
for og < G, both expressions show the same limiting
behaviour, ie. o, ~ ogx(l — nog/G), which for solid
slender isotropic columns is the relevant limit. Thus
shear reduces the compressive strength. If we consider
the opposite limit, i.e. o > G, by-passing momentar-
ily the question of the validity of the above expressions
in this limit, we obtain the leading behaviour
o, ~ (ogG/m)''? and o, ~ G/n, respectively. Notice
that the second expression would indicate a behaviour
similar to what is observed, even though s is too small.
Notice also that if we can combine the second shear
correction expression, i.e. Equation 2, with the elastic
foundation model, which prevents the critical g from
becoming small for large L, then the limit o > G is
not at all unrealistic for rigid-rod polymers for which
Azzzz > G. However, Zwaag et al. [7] show the ad hoc
combination of the second shear correction expression
with o calculated according to the above “beam on
an elastic foundation” model, to overestimate by
about a factor of three, the compressive strength of an
aramide fibre embedded in epoxy. Nevertheless, the
basic form of the second shear correction expression is
appealing, because it combines the two limiting cases
into one expression. Thus, it is worth exploring
whether this or a similar expression for o, can be
derived somewhat more formally including the em-
bedding matrix in terms of its elastic constants. It is
also worth adding that the fibre failure can be thought
of in terms of cooperative modes on the chain level.
Extending an analysis of Rosen [19], DeTeresa et al.
[4] have investigated two different cooperative failure
modes one giving the same result as the foundation
model and the other giving o, = G.

In this work, an elastic stability analysis was carried
out of a rigid-rod polymer fibre based on the standard
expression for the elastic free energy of the uniaxial
anisotropic solid. The two main assumptions, which
were used to simplify the problem, are two-dimen-
sionality, ie. only the plane of bending, and u(x, z)
= u(z), where u(z) is the fibre displacement along z,

the direction perpendicular to direction of the un-
buckled fibre axis, x, are considered. The two-dimen-
sional fibre is embedded in an isotropic matrix charac-
terized by its shear modulus, i, and Poisson’s ratio, v.
In the two limits for weak and strong matrices analyti-
cal expressions for ¢, are obtained from which we
construct a simple interpolating expression, given by

_ Op n 2p
T T+ 05/G T (1= v)g.b

()

where g, corresponds to the minimum of c(g), and b is
the fibre width. By comparing this expression to the
numerical solutions, we show that the interpolation
approximation is indeed a very good one. In addition,
we study the crossover between the region where o is
a strong function of the matrix elasticity and the
region where 6, &~ G. Finally, we discuss the theoret-
ical predictions in the context of the available experi-
mental data.

2. Elastic instability of the isolated
anisotropic fibre

Consider an isolated uniaxially anisotropic fibre,

which becomes unstable due to an external axial com-

pressive stress. The total potential energy of the fibre is

given by
L b/2
Mtibre = J J‘ Hdxdz 4

0 J-b2

where L is the length and b is the width of the fibre in
the plane of bending (cf. Fig. 1), i.e. the plane of
bending is the xz-plane and the y-direction is omitted.
The integrand is

c|[o N | G 2
H = - E [& u(xs Z)] + 5 7\'zzzz [& W(X, Z):|
a 2
X (2hgnen + Regnn) [& u(x, Z)J (5

) 0
+ 2Aen, oy w(x. z) ™ u(x, z)

0 0 2
+ Xeon: [E u(x. z) ™ w(x, z)]

where the first term is the work done by the compres-
sive stress, o, along z and the remainder is the elastic

U

~ap———— Compression ¢

T

-b/2

Figure 1 Schematic illustration of a section of the unbent and
the bent fibre characterized by the displacements u along x and w
along z.
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free energy for the case of a material with uniaxial
symmetry [8]. The five As are the elastic constants of
the uniaxially anisotropic material.

The second main assumption is

u(x,z) = u(z) (6)

which is known to be quite reasonable for slender
beams [8]. Notice that due to the two-dimensional
formulation of the model and the assumed x-indepen-
dence of u(z), there are only two remaining elastic
constants, l.e.

1 d 21 d 2
H= — 3 o ligz u(z)] + 3 Aosrzz [& w(x, z)]

0 0 2
+ Aeons l:—é; w(x,z) + % u(z)il 7

Notice also that H can be mapped on to the corres-
ponding isotropic case via A.,./2 =A/2+p and
Aeznz = W/2, where A is the Lamé coefficient and p is
the isotropic shear modulus. By writing the displace-
ment field w(x, z} as

0
wl,2) = —x = u(2) + wi(x,2) ®)
where w,(x, z) = 0 leads fo the simple shearless Euler
buckling of slender columns (see below), H thus be-
comes

1 0 2
H = —50‘[5;u(2):|
1 o2 0 2
+ 5 )\'zzzz I: - X 62_2 u(Z) + 5'2' WI(X,Z)]

d 2
+ )\'éznz lia Wl(xa Z)] (9)

The goal is to minimize the fibre potential energy for
this approximation of H, where the minimization has
to comply with the conditions

Cuhy = 0 (10)
where
OH
Ciuu = — (11)
Ouy

for the surface stress components, o;;, along the free
surface of the fibre. Here n, is the kth component of the
surface normal vector. Because the y-direction is ex-
cluded and because clamped fibre ends is assumed, the
only remaining equations are those where k = x. No-
tice, however, that ., does not appear here, because
the approximate H does not depend on u,, = Ou/Ox.
Thus the only boundary condition is

s =0 (12)

1.€.

=0 (13)
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Figure 2 Schematic illustration of the effect of shear on the fibre
cross-section.

2.1. The fibre profile

In order to proceed, a reasonable approximation must
be made for w(x, z). Notice that the shear force acts
parallel to the cross-sectional plane and thus predomi-
nantly increases the deflection du(z)/0z without, at the
same time, increasing the displacement along x (see
Fig. 2). Thus, to a first approximation, the effect of
the shear correction is to yield a reduced effective
deflection, i.e.

w(x,z)= —x [i u(z) — e(x) _8_ u(z):l (14
0z 0z
so that

0
wi(x, z) = x&e(x) % u(z) (15)

With this we obtain for the fibre potential energy

L bj2 1 a 2
Tsibre = — 30 —M(Z):!
e L [-b/z 2 l:@z

1 62 2 2 1 2 6
+ 5 M @u(Z)] X*[1—e()])*  (16)

+ )\‘iznz [X §S(X) + S(x):r [a—az u(Z):lz dzdx

and the above boundary condition becomes

0 o
Ahg . = u(2) [x ™ e(x) + a(x)]

= b =0 (17

=5

Note that by symmetry, i.e. both sides of the fibre are
identical, £(x) should be an even function of x. Here
£(x) is written as a polynomial in even powers of x/b,
ie.

£(x) = g0 + £ (g)z Fo = Yen (%)M (18)
£E=0

2.2. Single-mode buckling

Assuming that the elastic failure of the fibre can be
described in terms of a single wave vector ¢ = 2xnj/L
(j=1, ...) gives

u(z) = uo[1 — cos(gz)] (19)



Note that for j = 0 there is no displacement. With this
we obtain

Lbg*u Azzzz D22
Teibre = i 2 ( —GC+ Tq_> (20)

_ i L}\/zzzzbsq4
S 422k + 3)
i L)"zzzzb3q4
oo A2k + 3)
n n L}u b3q4
2 2227
L, R, o [4“"'”(% +2K +3)

+ 2LbAg,q.q° (AKK + 2k + 2K' + 1)
4TIk + 2K + 1)

(“3821{)

(u(2)82k’)

or in matrix form

qu2 )"zzzzbzqz
o [uo ]T 4 (_G T
fibre y k szzzzb3q4

21
o @)
20§ 3)

L}"zzzzbsq4
47202k 1 3)

where $§* =1, and 1 is the identity matrix. Here the
A, are the eigenvalues of M (not to be confused with
the elastic constants). Clearly, the amplitude of = di-
verges if one A; turns negative — which means that the
fibre fails.

3. The isolated fibre compared to the
fibre on an elastic foundation

Before Equation 26 is discussed, one additional aspect
must be included. The above approach always yields
the smallest possible critical g given by 2n/L — as will
be seen. However, this is not necessarily the correct
one for a fibre, which is not isolated but has lateral
support. A common extension is the case of a beam
{fibre) on an elastic foundation, where the foundation
is included in the above elastic free energy (cf. Equa-

LA,...b%g*
AART20k 4 2K + 3)

where &'y, = g5, denotes a sequence of coefficients
withk=0,1, ... ,n.

The amplitude vector can be found as well as the
critical compressive strength, o, from the condition

B (Mgipee + 79) =0 (22)

where 1 is a Lagrange parameter conjugate to the
boundary condition

z A’Zzzk‘*_]‘ F
9= 2 1 F’;z(k-———z )821::0 (23)

k=0

Again, writing Equation 22 in matrix notation,

n=v'Mv (24)
where v = [ugg585..€5,7] and
B T
Tibre11 Tiibre12 0
Mean(Zk + 1
M =| Tprezs Tfibre22 q_%k__z_} (25
e (2K +1)
0 =m0

Notice that M is a real symmetric (2 + n) x(2 + n)
matrix. The onset of compressive failure is then equi-
valent to the condition

det(M)=0 26)

This is because we can write

n=v*Mv=v*SS*MSS*v=Y1,(v*S)? (27)
j

Up
2Lbk§2nzq2(4kk’ + 2k + 2k + 1) |:82,J
4EHELOk 42K + 1)

tion 7) via a term proportional to u?, ie.
1 fa TP .1 d 2
H= —-o|— S W
5 o [62 u(z)] + o ez [az w(x, z)j'

(28)

where C describes the elastic stiffness of the lateral
support. A calculation analogous to that for the iso-
lated fibre shows that the only difference is that now

Lbg? Aoz D247 C
Tfibre11 =_q“|:—0 + 1 +3 } (29)

4 12 b%q?

Using Equation 29 instead of the 11-entry in Equation
21, we finally obtain the critical o by solving Equation
26 for o(g), where

G, = G(qc) (30)
and q, follows from

dc

— =0 31

aq 4=4c ( )

Here the computer program Mathematica [20] is used
to solve analytically Equation 26 for (g) as well as for
all other calculations.

For the simplest case, n = 0, the classical textbook
result is obtained

C
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where

xZZZZ b2 2
o = hlz—q (33)
and
C 1/4
by, = [36 - } (34)

Notice that oy is commonly written in terms of the
moment of inertia of the fibre cross-section, given for
example, by b*/12 for a square fibre cross-section. -

The next slightly more complicated case is n = 1,
which yields

17
o=ouf(1+51%) 1

where G = 2A;,,,. Here shear corrections begin to
appear. Notice that for C =0 an expression is ob-
tained which is very close to another textbook result,
ie. Equation 2, discussed in Section 1. In fact, the
expansion of Equation 35 to second order in oy yields
o = oy (1-1.2 o5/G), which is identical to the cor-
responding expansion of Equation 2 for the case of
rectangular cross-sections. Thus, taking shear into ac-
count leads to a reduced compressive strength.
Instead of trying to work out the critical ¢ for this
formula, it is more useful to look at what happens for
even higher n. Because the expressions for o become
increasingly complicated we turn to a discussion in
terms of numerical examples. Figs 3 and 4 show /G
as obtained from Equation 26 as a function of gb for
n=20,1,3,5,7. Note that the stiffness C = 0 in Fig. 3,
whereas in Fig. 4 we have C > 0. For C = 0 the critical
q is always 2n/L, as anticipated. For C > 0 the critical
q is no longer necessarily 2r/L. Notice also that what
used to be the second shear correction for C = 0 (i.e.
Equation 2), is now the same expression but with og
replaced by oy + 3C/(bq)* as elsewhere [7]. Clearly,
the effect of increasing C is that both the critical
compressive strength, i.e. minimum of o, as well as the
corresponding critical ¢, are increased. But the pres-
ence of shear always ensures that ¢, is bounded from

06) T g
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Figure 3 Fibre compressive strength, o, divided by the fibre shear
modulus G versus the reduced wave vector gb for the isolated fibre.
The different lines are for n = (— — )0, (i) 1, (i) 3, (iii) 5, (iv) 7 com-
pared to the second shear correction Equation 2 discussed in Sec-
tion 1 (— ——). The curve for n = 0 is identical to the simple Euler
buckling of a rod with clamped ends. Notice that here
Azzze = 123GPaand A, = 1 GPa, which roughly corresponds to
Kevlar [18]. .
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Figure 4 o/G versus gb for n = (——-)0, (i) 1, (ii) 3, (iii) 5, (iv) 7 as in
Fig. 3 but for C#0, ie. C=(a) 0.001 GPa, (b} 0.01 GPa,
(c) 0.1 GPa. (—-—) The second shear correction Equation 2 dis-
cussed in Section 1 but with oy replaced by o + 3C/(bg)* as in [7].
As in Fig. 3, A,,,, = 123 GPa and A;,,, = 1 GPa.

above by the shear modulus. The problem with this
approach is that adding the C-term is an ad hoc
addition, and, in particular, it is unclear how C relates
to the elastic constants of the medium in which the
fibre is embedded.

4. The displacement field and the elastic
potential energy in an embedding
infinite isotropic medium

Here the embedded fibre is treated more formally. The

goal is to derive an expression for

Total = Tfibre + Tlmatrix (36)

We already have an expression for the fibre contribu-
tion to the total potential energy, and thus here an
expression is derived for the matrix contribution. In
addition, the fibre—matrix interface is then dealt with
assuming a tight cohesion between the fibre and the
matrix, i.e. the displacements in the two media are
identical at the interface. In order to calculate 7,4
the fibre-induced displacement field inside the
matrix must be known, which obeys the equilibrium



condition (cf. [8])

Vi +

1—2v

where @ = (u,w) and VV @ = grad div e, or in terms
of the components

az 2 2
ggu(x,z)-i— 5 u(x, z)—I—Qa 5

1+9Q) w(x, z) =

(38)

and

2 2 2

w(xz)—l—aazw(xz)+§2

(1+Q) -~

u(x,z) =0

(39)

where Q = 1/(1 — 2v) and v is the Poisson’s ratio of
the matrix material. The somewhat lengthy but
straightforward solution of this set of equations is
contained in the Appendix. Here we merely state the
final result for the matrix potential energy, i.c.

(4] Tmatrix11 Tlmatrix12 Cy
Tmatrix = :| (40)
) Tmatrix12 Tmatrix22 C2

where
4Lq
Tnatrix11 = W
X {7» + u[2Q(Q +2)+Q(BQA+2)(bg + 1)
szz 2
AL i 3}} @)
2
4L
Tmatrix22 = Qz bq {)v + ”[Q(Q + 2) (bq + 1)
szz 2
+— 4 3}} 42)

4L
Mmatrixi2 = 5357 (7» + H[ZQ[Q +Dlbg+ 1 +1]

QZ 2.2 .
+ I;q +3]> 43)

Notice that A =2Qvy, ie. A is the matrix’s Lameé
coefficient and p is the matrix’s shear modulus. In

VVo=0 37

addition, we have the two equations (cf. Appendix)

bg 1
g + duge™*4? (—2‘1 +5t 1) ¢y

2
+ 2pe Pl (bq + 5) c;=0 (44)
and

- bg 2
U + 2e b‘*’2<7q+ﬁ+2>c1

2 _nafbg 2
- —+—=+1 =0 (45
+ qe 5 + o +1}ec, 45)
which result from the stress-boundary condition and
the equality of the displacements at the fibre-matrix
interface, respectively.

5. Elastic instability of the embedded
anisotropic fibre

Now everything can be put together and the stress
necessary to induce an elastic instability of the embed-
ded fibre with a specific ¢, can be calculated. The
reasoning in this case is completely analogous to the
case of the isolated fibre. In addition, there are two
constraining equations (44 and 45), which are again’
included via the method of Lagrange multipliers. As
before, we find the compressive strength from Equa-
tion 26, where now

Tibrel 1 Ribre12 0
e (2k + 1
Teibre21 Mfibre22 gigz(le
0 ;2"_2 0
M= )
1 0 0
bg 1
0 0 duge a2 2 4 —
nge < 2 + o + 1)
0 0 2ue b2 (bq + E)
Q
L
0 0
0 0

bg 1 2
dugeb2{ L~ 41 e~ b2 “
uge <2+Q+ ) ne <bq+g>

o (b 2 2 bg 2
2 bq/2 2 T b2 T2 = 1
e ( + = o) + > qe (2 + 0 + )

Tmatrix11

(46)

Tematrix12

Tmatrix12 Tmairix22
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and v = [up€5,T; T5¢; ¢, ], where again &3, denotes
a sequence of coefficients for k =0,1, ... ,n, i.e. v is
a 5 4+ n-component vector and Misa (5 + n)x (5 + n)
real symmetric matrix. Note also that now t; and 1,
are both Lagrange parameters conjugate to Equations
44 and 45. '

Again, as in the case of the elastic foundation, we
must first study a numerical example. As in Figs 3 and
4, we use A, =123GPa and A;,,, = 1GPa. As
Fig. 5 shows, the qualitative behaviour of the embed-
ded fibre is very similar to what was obtained above
for the ad hoc treatment of the fibre on a foundation.
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Figure 5 ©/G versus gb for the anisotropic fibre embedded in an
isotropic elastic medium for n = (i) 1, (ii) 3, (iii) 5, (iv) 7 and different
matrix shear moduli y, ie. p = (a) 0.001 GPa, (b) 0.01 GPa, ()
0.1 GPa and (d) 1.0 GPa. (— —~) Approximate ¢ given by Equation
47, (—-—) interpolation Equation 51. As in Figs 3 and 4,
Aezzz = 123 GPaand A¢,,,. = 1 GPa. In addition, the Poisson’s ratio
of the matrix is taken to be v = 0.35.
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Increasing the stiffness of the matrix, which here
means increasing i, increases both the critical ¢ as
well as the attendant g¢.. Again, o, is bounded by the
fibre shear modulus G equal to 2X;,...

We can calculate analytical expressions for the com-
pressive strength of the fibre within the matrix in
certain limiting cases. First we take the result forn = 1
and expand it in terms of the fibre shear modulus, y, as
well as in terms of o5 to lowest order. We obtain the
simple result

2p
=0+ —————( T—v)gb 47)
for which
12 u 1/3
b= 4
qc (xzzzz 1 . V> ( 8)

Notice that g, scales as 22, rather than as A 1/% in the
case of the foundation. The performance of this ap-
proximation is illustrated in Fig. 5. If we take into
account higher order corrections we obtain

2 602 S5loi

= Tk e 4 .4
T=vab 56 3¢ T 0l ®)

© =0 +

where the corrections now depend on G. The limit for

small G (or, what turns out to be the same, for large g),

can also be worked out, which yields

o=+ lii6_am%lioey) o0

T T (1-v)gb w?

The two formulas hold for all »n investigated (the
maximum n in our case is 7).

Because even for n = 1 the expression for o is some-
what complicated, it is desirable to have a simple
approximate expression for the entire g-range. There
are several conceivable interpolations between the two
limiting cases. One, which is simple and rather accu-
rate (as shown in Fig. 5), is given by

o= il + 2
1+0g/G (1—v)gb

(1)

Notice that here the matrix enters through one effec-
tive parameter, pu/(1 — v), only. Assuming the con-
tinuum limit (i.e. L — 00), the critical g can be obtained
from 3o(q)/0g =0, ie.

2 2 1
4 - 3 " a2 o 2 A 2 —
(q 259 t 71 +Az)/[q (1+4g%)]=0 (52)
where
Og
A=—5 53
e (53)
and
2u
B=——+7—-"—— 54
Gb(1 —v) (54)

For a weak matrix, ie. p is small and thus 1/B is
large, we have q. = [B/(24)]'/® in agreement with
Equation 48. For a strong matrix, 1.e. p is large and
thus 1/B is small, the numerator is always positive and
g diverges. Thus beyond a certain value for p
one always finds 6. = G. Unfortunately, due to the
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Figure 6 o, divided by G versus the matrix shear modulus, , for (a)
PPTA (A,.., = 123 GPa, G =2 GPa), (b) PBT (A.... = 265 GPa,
G = 1.2 GPa), and (c) PE (A..,, = 117 GPa, G = 0.7 GPa). (——)
n =17, (Equation 51), (———) low p approximation (Equation 47).
The values for A,.., and G are taken from [18] and [21]. For the
matrix’s Poisson’s ratio we use v = 0.35.

approximate nature of the interpolation, it is not clear
whether this “transition” indeed manifests itself in
terms of a jump in g, rather than in a continuous
increase. Nevertheless, it is evident that below a cer-
tain matrix stiffness, the compressive strength is
a strong function of the matrix elastic constants,
whereas above a certain matrix stiffness the compres-
sive strength is virtually equal to G, in agreement with
previous findings (see below).

However, here Equation 51 allows the crossover to
be estimated. Fig. 6 shows the critical fibre compres-
sive strength, o, divided by G as a function of p for
different fibres, ie. PPTA, poly(p-phenyethlene
benzobisthiazole) (PBT), and polyethylene (PE). In
this plot we compare Equation 51 with the approxi-
mation Equation 47 as well as with the solution for
n = 7. Evidently, the interpolation Equation 51 per-
forms quite well. Fig. 6 also allows estimation of how
flexible a matrix material can be before the compres-
sive strength of the fibres is diminished. Notice that
the matrix’s Poisson’s ratio, v, here is taken to be 0.35.
However, notice also that Equation 51, which is
a good approximation, depends on the matrix’s elastic
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Figure 7 o./G versus the matrix shear modulus, p. (a) G =2 GPa
and A.... = (i) 50 GPa, (ii) 100 GPa, (iii) 150 GPa, (iv) 200 GPa, (v)
250 GPa. (b) A, =150 GPa and G = (i) 1 GPa, (i) 3GPa, (iii)
5 GPa. The matrix’s Poisson’s ratio v = 0.35. All curves are ob-
tained with n =7,

constants only through the ratio p/(1 — v). Thus, the
effect of varying v can, to a good approximation, be
estimated by scaling .

Fig. 7 gives a more systematic overview of the
critical fibre compressive strength as a function of the
stiffness of the surrounding matrix material. For
a constant fibre shear modulus, G, Fig. 7a shows that
the crossover is shifted to lower values for the matrix
shear modulus, p, as the longitudinal modulus,
A-zz- increases. In Fig. 7b we keep A ,,,, constant and
vary G. Here increasing G also increases the p at the
Crossover.

6. Conclusion

The compressive strength of a uniaxially anisotropic
polymer fibre embedded in an isotropic matrix has
been studied. One result of our elastic stability analy-
sis is a simple expression, which describes the critical
compressive stress as function of the elastic constants.
Another important point is that this analysis allows
estimation of to what extent the elastic stability of the
fibre is affected by the surrounding matrix. In particu-
lar, we can estimate the threshold stiffness of the
matrix material below which the measured critical
fibre compressive strength varies as a function of the
matrix’s elastic constants.

In principle, the present model does allow for com-
pressive strengths in the range of the experimental
data, which, as was pointed out above, seem to be well
described by G/3 [18]. From the micrographs of the
buckled fibres [18], or from the data on the kink-band
density at compressive failure of the embedded fibres
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[7], one can see that failure occurs at gb ~0.01-0.1.
These values correspond to o = 0.1G-1.0G (Fig. 5),
giving a reasonable estimate in comparison to the
experimentally observed values. Unfortunately, we
lack the information necessary to judge whether the
gluing of the fibres to their support beams, as de-
scribed elsewhere [18], might account for the G/3
behaviour. However, as Fig. 6 shows, the matrix (glue)
shear modulus would have to be rather low. In addi-
tion, what is unknown here but as this analysis shows
should be considered, is the fibre must be embedded in
a “thick enough” coating on the order of 1/q. (cf. the
expressions for the matrix displacement field derived
in the Appendix) in order to avoid effects due to the
finite matrix thickness. Another disturbing point is
that the compressive strength of PE appears to be
severely overestimated (about five times) by the G/3
curve in [ 18], which would indicate some basic differ-
ence from the other fibres tested.

Even though the present model includes the inter-
action of the fibre with the matrix more accurately as
the foundation model, we are nevertheless forced to
simplify the calculation by employing two rather
crude approximations. Because we ignore the third
dimension we cannot estimate the influence of the
shape of the fibre cross-section on the compressive
strength. However, two shear correction expressions
for the buckling of isolated slender columns, i.e. Equa-
tions 1 and 2 were discussed in Section 1 [9]. It was
found that the difference between a circular and a rec-
tangular cross-section is about 10%. Only, (in the
context of fibres) for more exotic cross-sections, such
as those of H-beams, does one obtain more significant
deviations. A more severe approximation, on the other
hand, might be the x-independence of the displace-
ment u. Avoiding this approximation, however, makes
the analytical treatment significantly more difficult.
For instance, there are additional elastic constants.
This might be the reason why, for instance, the experi-
mental PE result deviates so strongly from the system-
atic behaviour shown by the other fibres. Here a finite
element analysis might perhaps be useful.

In this work we have not discussed the role of the
internal fibre structure, such as the degree of molecu-
lar orientation, the difference in the molecular organ-
ization in the skin as compared to the core region of
a fibre, the role of inter-molecular interactions such as
hydrogen bonding, and possible inelastic processes,
such as intra-fibre delamination, fibre-matrix de-
lamination, etc., which differ from material to material
and which may depend on processing. These effects
are mostly beyond the present approach, with the
possible exception of skin—core effects, which might be
included by the introduction of surface regions distin-
guished from the core region by different values of the
elastic constants. But more importantly, if we believe
the quasi-universal G/3 behaviour observed in [18],
this would indicate that all non-universal effects enter
primarily through the elastic constants of the material,
rather than affecting the compressive strength directly.
Therefore, checking whether more than the five out of
six tested fibres follow this relation could provide
valuable insight.
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Appendix
In order to solve the equilibrium conditions (Equa-
tion 37) we make the Ansatz

X

u(x,z) = Y ii(x,q;)e"* (A1)
j=-~o
and
w(x,z) = ) W(x,q;)e?” (A2)
j=—w
which yields
az
(1 + Q) 'a_xf ﬁ(x: qj) - quﬁ(xa q,)
o~ O _
+ qujaw(x, q;)=0 (A3)
and
aZ
—(14+ Qg5 wix,q;) + é?v@(x,q,-)
. 0 _
+ quja—xu(x, q;)=0 (A4)
Making the substitutions
_ 9 _
yi(x) = d(x,q;); y2(x) = ™ #(x,q;)
_ 9 _
y3(x) = w(x,q;); yalx) = & wix,q;)  (AS)

we obtain a system of coupled first-order differential
equations, i.e.

y1(x)
3 y2(x)
ox | y3(x)
yal(x)
[ o 1 0 0 |
2 qQ
|iza ° 0 “'Tra
0 0 0
i 0 —iQq (14+Q)q* 0 ]
y1(x)
y2(x) _
X Jatx) = My(x) (A6)
Va(x)

We seek a solution in the form y(x) = e**v and thus
(M —Al)v =0, where A= —¢g, —¢,q.9. Following
standard methods we find

— - E + 2 + ix ]
q q qQ
i 20
y(x)=ce ¥ —1 + cre” —5—"136
q X
| 1] | 1—gx |



~iw 1+£—1xT
g q 4Q
—i 2
+ cze?” 1| tee™| g WX
q X
1] L 1+gx |

(A7)

Notice that the first and third vectors correspond to
the two linear independent solutions of the above
eigensystem for —gq and g. The other two solutions
are derived from the solution of (M — A1) (M — Al)
v, = 0 (with (M — Al) v # 0) for —q and ¢, i.e. they
are given by exp (Ax) (vq + x(M — A1) vy). Actually, in
the present case we choose to construct the solution,
which we are going to use below, based on both
independent solutions of (M — A1) (M — A1) v, =0,
i.e. exp(Ax) (v + x (M — Al) v;), where k = 1,2. Thus

[ iqu+ZQ+2
Q
L gxQ+ Q42

yx) = e | T Q

1+ gx

2

..__xq

'iqu+Q+2'
qQ

qxQ 4+ 2
+ e ¥ ! Q

X

1—gx

L
L gxQ —2Q —2

' Q

Lo —gxQ+Q+2
+ cye?* 4 Q
1—gx

— xqz

-i —gxQ+Q+2 |
qQ
L —gxQ +2

qx l
+ cqe Q (A8)

X

1 +gx ]

For the u-displacement, we consequently have
@ ieiij

ux)= ¥ -

j=-w

+ 3 (j)(xQq; — 2Q — 2) ™4

|:c1(j)(qu,- +2Q + 2)e ¥

(xQq;+Q+2) _ .
- e J

+ ¢2(7)
45
R e

First we consider the matrix displacement field for
negative x (with positive g, because u(x, z) must vanish
for x - —o0)

e (xQq; — 2Q — 2)
Q
x [ies(j)e™ —icy (—j)e™ ]
e™(—xQq; + Q + 2)
+
Qq;
x [ica(j)e™ —icy(—j)e” ] (A10)

u (x,2)=

Notice that we consider the single mode (single gj case.
In order to be able to match the fibre displacement
along the boundary we must have

ic3(j) = —ici(—j) and ics(j) = —ica(—j) (All)
and thus
2ie™v
Q

—xQq, +Q +2 .
_ qlq' )Cz(—J):I cos(zg;) + g
J

where we have added

2ie /2 [ (bQg,
—uOJ-:’e—[( q’+2§2+2>c1(—j)

u(x,2) = [(—qu}- +2Q+ e (—j)  (Al2)

Q 2

! (bg;q" +Q+ 2> cz(—j)] (A13)

4;
so that the solution matches the fibre displacement (cf.
Equations 14 and 19 at the boundary x = —b/2). Note
that this displacement field is also correct for g = 0, i.e.
u(x,z) = 0 for g = 0. Now for u(x, z) on the other side
of the fibre, analogous to the above, we have
ie” " (xQq; + 2Q + 2)

Q
x[e®ey (j) — e ez (—j)] (A14)
e ™ (xQq; + Q+2)
+
Qq;
x [e™ey () — e ™y (—j)]

ca(—j)= —ci1(j); ca(=j)= —ca(j)

ut(x,z) =

(A15)

i~ 4
ut (x,2) = WT [(quj 120+ 2)c(j) (Al6)
Qg+ Q +2
+ (x%_) Cz(j):| cos (zq;) + uo
$

Again we have added

2ie~ 02 [ (bQg,
—qu: l‘e I:( qj+2Q+2>Cl(J)

Q 3
1 /bQg,
+—<—q’+ﬂ+2)cz(j)] (A17)
qj 2 :
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Now we turn to the w-displacement
wiez)= 3} ™ (ci(j)(1 + xgs)e ™ + ¢, (j)xe ™
j=—w
+ea () —xq;)e™ + ca(j)xe™)  (A18)

Again, we split the summation according to the solu-
tions for negative and positive x when g; is positive.
For the case when x is negative, matching the fibre

displacements at the boundary requires
c3(j) = —ci(—j); calj) = —c2(—j) (A19)

And thus

wo(x,2) = —2ie*V[(1 — xq;)¢1 ()
+ xcz (—j)]sin (zq;) (A20)

Analogously
c3(=j) = —ci(=j); ca(—j) = —cz(j) (A21)
and
w7 (x,2) = 2ie U [(1 + xg;)c, (j) + xc2(§)] sin(zq;)
(A22)

for positive x.
The next step is to consider the boundary condi-
tions given by

+b
2

0 0
Ahe oz <é} ui(z) + &Wl(xa Z))

x=

. (A23)

2

0 0
= U (§un(x, z) + awn(x, Z))

x=

where the subscripts I and II denote the fibre and the
surrounding medium, respectively. Using the fibre dis-
placements

ui(z) = up [1 — cos(gz)] (A24)
and
wi(x,z) = —gxuo[1 — e(x)]sin(qz)  (A25)
we obtain at x = —b/2
— 1 by .
g; — 2ipe bas/? [ - 2q,-(§ + TJ + 1)c1(——1)
2 .
+g b4 )ea (=) |=0 (A26)
and at x = b/2
— 1 bg; .
gj — 2ipe"4/? [ - Zq,(ﬁ +>57+ 1) c1(J)
2 . .
—|g+ba)e(i) =0 (A27)

where g; is above g (cf. Equation 23) with g = g;.
Notice that the preceding two equations together with
the above conditions involving u,; imply that

ci(—j)=c1(j); ca(—j)= —c2(j) (A28)

At this point we have all the ingredients to calculate
the elastic potential energy of the matrix, which is
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given by

L (-b2 Lo
Tonatrix = J f Hyj dzdx +f j Hj dzdx (A29)
(o] — o0 b

0 /2

where

. )ﬂ a . 2 ) . 2
i =[]+ ]

(A30)

0 0
+ ?»é;u;—; (x,z)a—z—wlf (x,2)

o A 8 s ’
+ 3 [ax wy (x,2) + 3 uy (x, z)]

is the local elastic free energy of an isotropic medium
[8]. Again we can write the result in matrix form,
which leads to Equations 40-45 with

¢y =ici(j); ¢ =icy(j) (A31)
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